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In this Letter, we propose a new approach to process high-dimensional quantum information
encoded in a photon frequency domain. In contrast to previous approaches based on nonlinear optical
processes, no active control of photon energy is required. Arbitrary unitary transformation and
projection measurement can be realized with passive photonic circuits and time-resolving detection.
A systematic circuit design for a quantum frequency comb with arbitrary size has been given. The
criteria to verify quantum frequency correlation has been derived. By considering the practical
condition of detector’s finite response time, we show that high-fidelity operation can be readily
realized with current device performance. This work will pave the way towards scalable and high-
fidelity quantum information processing based on high-dimensional frequency encoding.
A scalable approach to generate and control large-
scale quantum systems is critical to realize meaning-
ful quantum information processing [1–4]. While in-
creasing the the number of sub-systems is required
to realize the exponential scaling in quantum infor-
mation processing, the implementation of multiple-
level sub-systems nevertheless boosts the efficiency
for increasing the Hilbert space size of quantum sys-
tems. [5–8]. The photon frequency degree of free-
dom has provided an ideal platform for realizing
high-dimensional encoding of quantum states, due
to its intrinsic multimode property [9, 10]. The
classical optical comb can provide hundreds of fre-
quency modes [11, 12], and quantum correlation
among more than 60 frequency modes has been
demonstrated [13]. Furthermore, both continuous-
variable and discrete-variable quantum frequency
combs have been realized [9, 13, 14]. Multiple plat-
forms have been developed, including optical para-
metric oscillators [13, 14], filtered parametric down-
conversion [15], and four-wave mixing with nanopho-
tonic ring cavities [16–18].
While the generation of high-dimensional quan-
tum states in a frequency domain has achieved great
progress, the capability to manipulate these states
is still limited. Coherent control of photon fre-
quency modes requires active nonlinear optical pro-
cesses to change photon energy. four-wave mixing
was first utilized to realize frequency beam split-
ters [19]. However, the manipulation beyond two
modes has not been demonstrated as a large num-
ber of phase-locked lasers are required. Recently, a
new approach based on electro-optic modulation and
optical phase shaping was demonstrated to realize
frequency beam splitters and tritters [20]. However,
the extension to multimodes also requires a complex
modulation scheme by stacking multiple modulators
and pulse shapers, and the design of such devices re-
lies on extensive optimization processes [21]. More
importantly, this approach has intrinsic loss due to
sidebands outside desirable frequency range [20, 21].
Practically, the limited modulation frequency also
introduces extra loss as high-order sidebands are
normally used [17]. The contradiction between the
capabilities to generate and manipulate these high-
dimensional quantum states has thus placed an ur-
gent need for new approaches to process quantum
information encoded in photon frequency degree of
freedom.
In this Letter, we provide a novel approach to
process high-dimensional quantum states encoded
in photon frequency domain without active nonlin-
ear optical processes. Frequency modes are con-
verted into spatial modes with passive photonic cir-
cuits. Therefore unitary transformation of spatial
modes will also be applied to frequency modes,
and time-resolving detection of spatial modes per-
forms the projection measurement of frequency
modes. The derivation of our proposed approach
focuses on discrete-variable frequency combs in the
single-photon regime, detected with ultra-fast single-
photon detectors. The influence of finite response
time on measurement fidelity is estimated, showing
that high fidelity is within reach of current technol-
ogy. Based on this approach, we further propose a
new method to verify quantum correlation in a fre-
quency domain.
As well-defined discrete frequency modes are gen-
erally used for high-dimensional frequency-encoded
single-photon quantum states, we start with a quan-
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FIG. 1. (a) High-dimensional frequency-encoded uni-
tary transformation and projection measurement with
passive photonic circuit and time-resolving detection.
Different colors indicate different frequency modes, and
the gradient color shows a superposition of multiple fre-
quency modes. (b) Photonic circuit to realize S for a
quantum frequency comb with evenly distributed fre-
quency modes, τj = pi/(2(j−1)δω). (c) Photonic circuit
to realize unitary transformation U.
tized optical field consisted of N frequency modes
|ψ〉 =
N−1∑
k=0
ckaˆ
†
ωk
|0〉⊗N (1)
with ck the complex amplitude and aˆ†ωk the cre-
ation operator for the kth frequency mode. Such
states have been generated with parametric down-
conversion and four-wave mixing processes in the low
pump power regime, where multi-pair processes are
neglected [15–18]. For such a discrete Hilbert space,
we can define a complete set of projection operators
{Mj = |Mj〉〈Mj |} with |Mj〉 =
∑N−1
k=0 ujkaˆ
†
ωk
|0〉⊗N
and ujk the jk component of unitary matrix U.
These projection operators show the process of a
unitary transformation U of a high-dimensional
frequency-encoded quantum state followed by a pro-
jection measurement in the new eigen basis. In con-
trast to traditional methods utilizing nonlinear opti-
cal processes to build frequency-domain beam split-
ters, we show that these operations can be realized
with passive photonic circuits and time-resolving de-
tection [Fig. 1(a)]. First, discrete frequency modes
are associated with different spatial modes through
operator S, which can practically be realized by a
prism, optical grating, or Mach-Zehnder interferom-
eter (MZI) array
S|ψ〉 =
N−1∑
k=0
ckaˆ
†
ωk,rk
|0〉⊗N2 (2)
where rk is the spatial mode that carries the ωk fre-
quency component. For a quantum frequency comb
with evenly distributed frequency modes, one possi-
ble design of the passive photonic circuit is shown in
Fig. 1(b). For the case the frequency mode number
N = 2n with n a positive integer, the operator S
can be realized with 2n − 1 unbalanced MZIs [22]
arranged hierarchically into n levels [Fig. 1(b)]. For
the jth level, the relative time delay of the MZIs
is set to be τj = pi/(2(j−1)δω), with δω the free-
spectral range of the quantum frequency comb [23].
For the case 2n−1 < N < 2n, the same circuit can
be used and the redundant modes can be dropped.
Then the N spatial modes are sent into an N -port
passive photonic circuit to realize unitary transfor-
mation U in a spatial domain [24–26]. Since spatial
modes simultaneously represent frequency modes,
the interference in a spatial domain also results in
mixing of associated frequency modes
U aˆ†ωk,rk =
N−1∑
j=0
ujkaˆ
(out)†
ωk,rj (3)
where rj indicates the jth output spatial mode of the
photonic circuit [Fig. 1(c)]. Then the output spatial
modes are measured with ultrafast detectors. The
outcome of jth output port is expressed as
Pj(t;T ) =
∫ t+T/2
t−T/2
dτ
T
〈ψ|S†U†Eˆ†rj (τ)Eˆrj (τ)US|ψ〉
=
∫ t+T/2
t−T/2
dτ
T
〈ψ|eiHˆτ/~Mje−iHˆτ/~|ψ〉
=
∫ t+T/2
t−T/2
dτ
T
〈ψ|Mj(τ)|ψ〉
(4)
with T the detector’s response time,
Hˆ =
∑N−1
k=0 ~ωk(aˆ†ωk aˆωk +
1
2 ), and Eˆrj (τ) =∑N−1
k=0 aˆ
(out)
ωk,rje
−iωkτ , representing the equivalent
photon phase change due to detection jitter. With
infinitely small T , the measurement outcome in a
spatial domain approaches the desired projection
measurement in a frequency domain.
lim
T→0+
Pj(t;T ) = Tr(Mj |ψ〉〈ψ|) (5)
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FIG. 2. The measurement fidelity with finite response
time T and dimension N when the projection measure-
ment is onto (a) the two-mode superposition with largest
frequency difference 1/
√
2(aˆ†ω0 + aˆ
†
ω0+(N−1)δω)|0〉
⊗N and
(b) the Fourier basis 1/
√
N
∑N−1
k=0 aˆ
†
ω0+kδω
|0〉⊗N .
Therefore, the complete set of projection operators
in a frequency domain can be realized with passive
photonic circuits and time-resolving detection. This
approach is based on the Fourier correspondence be-
tween frequency and temporal correlations [27–30].
Considering the practical condition of detector’s
finite response time, the fidelity of the projection
measurement can be expressed as
Fj =
∣∣∣Tr(M˜j(t;T )†Mj)∣∣∣2
Tr(M˜j(t;T )†M˜j(t;T ))Tr(M
†
jMj)
(6)
with M˜j(t;T ) =
∫ t+T/2
t−T/2
dτ
T Mj(τ) the effective pro-
jection. Practically, the system’s total response time
T is dominated by phase instability in the photonic
circuit or detector jitter. A large response time will
inevitably degrade the fidelity of projection measure-
ment (Fig. 2). In order to achieve high-fidelity op-
eration, the response time needs to be much smaller
than the beating period of the quantum frequency
comb, T << 2pi/δω. In addition, the fidelity of pro-
jection measurement with different bases have dif-
ferent dependencies on the response time T . The
projection onto the basis with fast temporal evolu-
tion, such as two-mode superposition with large fre-
quency difference [Fig. 2(a)] and the Fourier basis
[Fig. 2(b)], will be more sensitive to the error in-
duced by the finite response time. In contrast, the
fidelity of the projection measurement onto the com-
putational basis with single frequency modes will not
be influenced.
With the capability to realize arbitrary projection
measurement, we further develop the approach to
verify bipartite high-dimensional quantum entangle-
ment encoded in a frequency domain with passive
photonic circuits and time-resolving detection [31,
32]. Two sets of projection bases, time-delayed
Fourier basis and time-delayed inverse Fourier ba-
sis, can be defined for photon a and b, respectively.
|Ma,j(t)〉
=
1√
N
N−1∑
k=0
exp
{
i
(
2pij
N
+ δωt
)
k
}
aˆ†ωk |0〉⊗N
|M b,j(t)〉
=
1√
N
N−1∑
k=0
exp
{
i
(
−2pij
N
+ δωt
)
k
}
bˆ†ωN−1−k |0〉⊗N
(7)
where integer j labels the index of output port. Both
sets of projection measurement can be realized with
the photonic circuits shown in Fig. 1. The gener-
alized high-dimensional entanglement indicator can
be written as
SN (ta, tb, t
′
a, t
′
b)
def
=
[N/2]−1∑
k=0
(1− 2k
N − 1){[P (ta, tb, k) + P (t
′
a, tb,−k − 1) + P (t′a, t′b, k) + P (ta, t′b,−k)]
− [P (ta, tb,−k − 1) + P (t′a, tb, k) + P (t′a, t′b,−k − 1) + P (ta, t′b, k + 1)]}
(8)
P (ta, tb, k) =
1
T 2
∫∫ T/2
−T/2
dtdt′
N−1∑
l=0
|〈Ma,l(ta + t),Mb,(l+k)modd(tb + t′)|ψ〉|2 (9)
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FIG. 3. (a) Setup to verify two-frequency bipartite en-
tanglement. (b) Bloch sphere for two-frequency systems.
Red shaded area is the time averaging range with the de-
signed and equivalent measurement shown as arrows.
with ta, t′a and tb, t′b corresponding to different set-
tings of the photonic circuits, thus different projec-
tions bases, for photon a and b, respectively [32].
Classically, the maximum value of SN is 2. The
quantum limit of SN , which is above 2, can be
achieved with the high-dimensional Bell state
|ψ〉 = 1√
N
N−1∑
k=0
aˆ†ωk bˆ
†
ωN−1−k |00〉⊗N . (10)
by setting the detection time tb − ta = pi2Nδω and
t′a − ta = t′b − tb = piNδω . While the exact value of
SN is dependent on the size N of high-dimensional
systems [32], we use the two-frequency case as an ex-
ample to illustrate our approach and the effect of a
finite response time. In two-frequency systems, the
photonic circuits shown in Fig. 1 can be simplified to
a single unbalanced MZI for each photon [Fig. 3(a)],
and the corresponding projection basis can be rep-
resented on Bloch sphere [Fig. 3(b)]. With two fre-
quency modes ω1 and ω2, the criterion for quan-
tum entanglement can be simplified to the CHSH
inequality, which can be maximally violated with the
Bell state
|ψ〉 = 1√
2
(aˆ†ω1 bˆ
†
ω2 + aˆ
†
ω2 bˆ
†
ω1)|00〉⊗N (11)
By setting both relative delay τa and τb giving
pi/2 and -pi/2 phase difference for mode ω1 and ω2
respectively [23], the projection bases are placed on
the equator of the Bloch sphere,
|Mc,j(t)〉 = 1√
2
(cˆ†ω1 + (−1)jeiδωtc cˆ†ω2)|0〉⊗N (12)
where subscripts cˆ = aˆ, bˆ and j = 1, 2 label the pho-
ton and measurement output, respectively. Photon
clicks at output 1 and 2 correspond to +1 and −1
in the original CHSH scheme respectivley [33–35].
Then the CHSH value can be defined through the
correlation coefficient E(ta, tb) and the coincidence
rate C¯ij(ta, tb)
S2 = E(ta, tb)− E(ta, t′b) + E(t′a, tb) + E(t′a, t′b)
E(ta, tb) =
C¯11(ta, tb) + C¯22(ta, tb)− C¯12(ta, tb)− C¯21(ta, tb)
C¯11(ta, tb) + C¯22(ta, tb) + C¯12(ta, tb) + C¯21(ta, tb)
C¯ij(ta, tb) ∝ 1
T 2
∫∫ T/2
−T/2
dtdt′|〈Ma,i(ta + t),Mb,j(tb + t′)|ψ〉|2
(13)
The maximum value of S2 is achieved when photon
detection time satisfies tb − ta = pi4δω , t′a − ta = pi2δω
and t′b − tb = −pi2δω . These conditions correspond to
fixing the angle between projection bases for pho-
ton a and b to be 45 degree, and the bases are ro-
tated by 90 degree along the Z-axis of the Bloch
sphere between the two measurements. The finite
response time will inevitably degrade the measure-
ment results. In this particular setup, the effect
of the finite response time corresponds to averag-
ing along an arc on the the Bloch sphere equator
[Fig. 3(b)]. And the angle of the arc is equal to
T · δω. The calculated result of S2 with fixed opti-
mum t′a−ta, t′b−tb and varying tb−ta values is shown
in Fig. 4(a). The violation of the classical limit of S2
is clearly observed with a small response time. And
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the theoretical limit 2
√
2 can be achieved with a in-
finitely small response time. With a larger response
time, the measured maximal S2 decreases [Fig. 4(a)].
When the response time is larger than the threahold
value T0 with sinc2(δωT0/2) = 1/
√
2 corresponding
to T0 ≈ 0.32 × (2pi/δω), the maximal measurable
value of S2 falls below the classical limit, meaning
the quantum correlation cannot be distinguished.
Here, we assume unity detection efficiency. Lower
efficiency will inevitably limits the overall projection
measurement efficiency and decrease signal-to-noise
ratio in experiments. For certain applications, such
as loop-hole free CHSH test [36, 37], overal efficiency
above certain threshold will be required.
Discussion and Outlook.—In addition to eliminat-
ing nonlinear optical processes, another major ad-
vantage of our approach is scalability. From a the-
oretical perspective, the systematic approach to de-
sign photonic circuit for a quantum frequency comb
with an arbitrary large size has been carried out
as shown in Fig. 1. From the experimental per-
spective, the complete photonic circuit can be ro-
bustly fabricated on nanophotonic platforms such as
silicon and silicon nitride at large scale with stan-
dard CMOS technology [38]. Such a photonic cir-
cuit can also be conveniently tuned through thermal-
optic effect to realize different projection bases [38].
Moreover, superconducting single photon detectors
have been integrated on various nanophotonic cir-
cuits with high efficiency and low jitter [39, 40].
Therefore, our approach can be scalable fabricated
with complete integrated quantum photonic plat-
forms. Extra caution should be taken to minimize
the frequency dependence of unitary U . One possi-
ble approach is to design phase shifters using waveg-
uides with length L = 2picngδω and near-zero dispersion.
Furthermore, the achievable length of optical delay
line with nanophotonic circuits limits the frequency
resolution of the circuits. Currently, nanophotonic
optical delay line with length above 30 m and loss
below 0.08 dB/m has been demonstrated [41], lead-
ing to frequency resolution well below 1 GHz.
While fidelity of processing frequency-encoded
quantum states with our approach depends critically
on the response time, the major limiting factor is
the detector jitter. Currently, superconducting sin-
gle photon detectors have achieved a jitter time be-
low 3 ps, with a theoretical limit below 1 ps [42, 43].
Current jitter performance is enough to maintain fi-
delity above 90% for an 85-mode free-space quantum
frequency comb, with free spectral range normally
Classical limit
(b)
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)T =
0T =S 2
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S 2
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FIG. 4. (a) CHSH quantity S2 values with varying
detection time difference ta − tb and fixed τa and τb.
(b) Maximal measurable S2,Max with dependence on re-
sponse time T .
below 1 GHz. The maximum frequency range that
can preserve quantum effect is determined by the
two-mode CHSH test, δω/2pi ≈ 0.32/T ≈100 GHz,
which is accessible by most integrated photonic plat-
forms.
Finally, a few remarks are in order on poten-
tial uses of our proposed method for continuous-
variable (CV) photonic quantum information pro-
cessing. While our derivation is based on single-
photon state, the extension to arbitrary multiphoton
input states with photon-number-resolving (PNR)
detectors is straightforward. This is of critical
importance for CV quantum information process-
ing. One possible application with high impact
will be Gaussian-Boson-Sampling (GBS) [44]. We
start with N-mode CV Gaussian quantum frequency
comb generated with an optical parametric oscillator
(OPO), and use our proposed method to implement
projection measurement with fast PNR detection on
all output ports. In this case, GBS can be realized
in frequency domain with very compact device and
high efficiency [4, 10, 45].
In conclusion, we have proposed a novel approach
to realize high-dimensional quantum information
processing encoded in photon frequency domain
with passive photonic circuit and time-resolving de-
tection. This approach features no active nonlin-
ear optical process, high scalability, and no intrin-
sic loss. The capability to process high-dimensional
frequency-encoded quantum photonic states can be
dramatically improved, benefiting critical quantum
5
applications including cluster-model quantum com-
puting [5], high-dimensional quantum correlation
verification [31, 32], and high-efficiency Boson sam-
pling [46].
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